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ITERATED IDENTITIES AND ITERATIONAL DEPTH OF GROUPS
ANNA ERSCHLER
ABSTRACT. Given word on n letters, we study groups which satisfiy ”iterated identity”
w, meaning that for all x1, . . . , xn there exists m such that m-the iteration of w of Engel
type, applied to x1, . . . , xn, is equal to the identity. We define bounded groups and groups
which are fractal with respect to identities. This notion of being fractal can be viewed as
a self-similarity conditions for the set of identities, satisfied by a group. In contrast with
torsion groups and Engel groups, groups which are fractal with respect to identities appear
among finitely generated elementary amenable groups. We prove that any polycyclic, as
well as any metabelian group is bounded and we compute the iterational depth for various
wreath products. We study the set of iterated identities, satisfied by a given group, which is
not necessarily a subgroup of a free group and not necessarily invariant under conjugation,
in contrast with usual identities. Finally, we discuss another notion of iterated identities
of groups, which we call solvability type iterated identities, and its relation to elementary
classes of varieties of groups.
1. INTRODUCTION
Given a word w “ wpx1, . . . , xnq on n letters, we recall that a group G satisfies an
identity w if for any y1, . . . , yn P G it holds wpy1, . . . , ynq. A well-known identity on one
single letter is wpxq “ xp. For p being large enough, it is known that there are infinite
finitely generated groups satisfying this identity: that is, infinite finitely generated groups
such that gp “ e for any g P G. A larger class of groups consists of groups that are p-
groups, that is, G are such that for any g P G there exists k such that gpk “ e. A first group
of this kind was constructed by Golod ([golod12]), further examples include Grigorchuk group
[grigorchukfirstgroup13], Gutpa-Sidki groups [guptasidki17]); a large family of p-torsion groups of unbounded torsion
appear as quotient groups of hyperbolic groups (see Gromov [gromov16]). The groups above do
not satisfy the identity w “ xp, that is, there exist g P G such that wpgq ‰ e, but they
satisfy some iteration of w: for any g P G there exists k such that wpwp. . . wpgq . . . qq “ e.
What happens with other identities w if we consider groups that satisfy some iteration
of w? wpxq “ xk being the only identity in one letter, so we are mostly interested in
the case where n ě 2. In this situation, in contrast with one letter case, there are several
possible notion of ”iterated identity”, some of which we discuss in this paper.
Before giving the definitions, we mention possible motivation to study iterated identities
of groups:
In the case when a group satisfying an identity w are well-understood, the groups sat-
isfying an iterated identity w can be much more complicated: consider e.g. wpx1, x2q “
x1x2x
´1
1 x
´1
2 ; groups satisfyingw are Abelian, whereas the structure of Engel groups is far
from being understood; in the case when groups satisfying an identity are already tricky,
like Burnside groups satisfying an identity w “ xp, the groups satisfying the iteration of
the identity form a larger, and possibly even trickier, class of groups.
The work is supported by the ERC grant 257110 “RaWG” and the ANR “DiscGroup: facettes des groupes
discrets” .
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Moreover, it might be possible to construct groups satisfying additional natural proper-
ties among groups satisfying iterated identities, such that groups satisfying the same iden-
tity do not allow: for example, there exist residually finite infinite finitely generated torsion
groups ([aleshin4golod, 12grigorchukfirstgroup, 13 uptasidki, 17],) and residually finite infinite finitely generated non-nilpotent Engel
group (Golod, [golod12]), while any finitely generated residually finite torsion group of bounded
torsion is finite (follows the solution by Zelmanov of so called restricted Burnside problem
[zelmanov30]); any finitely generated residually finite group that satisfies a fixed bounded iteration
of the identity ab “ ba is nilpotent (Wilson, [wilsonconditions29], Theorem 2, the proof uses classification
of finite simple groups).
Given a group G, it seems interesting to describe all iterated identities that G satisfies.
It may happen that the group does not satisfy any non-trivial identity, but does satisfy non-
trivial iterated identities (e.g. first Grigorchuk group and many other groups acting on a
rooted tree, does not satisfy any identity by a result of Abert [abert1]; yet it is well known that
this group is a torsion 2 group, that is, satisfy the iteration of wpx1q “ x21 [
grigorchukfirstgroup
13]). The set of
iterated identities on n of variables does not necessarily form a subgroup of the free group
Fn (see Example
examplenotproduct
2.7) and it is not necessarily invariant with respect to conjugation (see
Example
conjugatenotidentity
4.4), in contrast with usual identities, which is one of the difficulties to study this
set. There are various invariants of groups which can be defined in terms of the set of all
iterated identities satisfied by a group, such as boundedness and fractalness with respect to
identities, which we discuss in this paper.
In some situations iterated identities and iterated quasi-varieties provide rougher invari-
ants, for example there are various iterated identities, satisfied by groups which do not
satisfy any non-trivial identity. In other situations iterated identities and iterated quasi-
varieties can provide softer invariants: it may happen that two groups G and H that gener-
ate distinct varieties of groups, but iterated quasi-varities generated by these groups (both
Engel type iterated quasi-varieties for a fixed (small) number of variables which hold in a
given group as well as solvability type iterated quasi-varities, which we define in Section
sectionfurthernotions
8) are the same;
Let w “ wpx1, . . . , xnq be a word on n letters, n ě 1.
definitionEngel Definition 1.1. We say that a group G satisfies E-type (or Engel type) iterated identity w
if for any x1, . . . , xn P G there exists N such that n-th iteration of w on the first variable
w˝N px1, . . . , xnq “ wpwp. . . pwpx1, x2, . . . , xnq, x2, . . . , xnq, x2, . . . , xnqq “ e.
Some iterated E type identities on two variables are a particular case of a closely re-
lated definition of ”correct sequences” in terminology of [bandmanandco5gural ikpl tkinshalev, 18p ot inural, 25]: a sequence u “
u1, u2, u3, . . . , un, . . . of elements from a free groups on two variables F2 is said to be
correct if the following conditions hold: (i) For every group G and elements a, g P G, we
have unpa, 1q “ e and unp1, gq “ e for all sufficiently large n. (ii) if a, g are elements of
G such that unpa, gq “ 1, then for every m ą n it holds umpa, gq “ e.
The words we consier in our definition
definitionEngel
1.1 are not necessarily products of commutators,
and thus do not need in general to satisfy (ii). It is also essential that in definition definitionEngel1.1 we
do not specify first values of the sequences of iterations.
In [bandmanandco5brandlwils n, 9br y wilson, 10ribnere, 26] one describes some sequences of iteration of an identity which charac-
terize finite solvable groups (we recall these results in subsection subsolvable2.1). The situation with
infinite groups is essentially different. It is clear for example that no finite set of iterated
identities can characterize infinite solvable groups. Instead of searching some iterated iden-
tity, we are interested in properties of all iterated identities which hold in a given group or a
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class of groups, finite or infinite, and we are mostly interested in finitely generated infinite
groups.
It seems particular interesting to descibe iterated identities for some class of groups,
that have some other manifestations of self-similarity, such as Grigorchuk groups; Golod
groups [golod12]; Basilica group and other iterated monodromy groups [nekrashevychbook22]; branch groups
[grigorchuk200014].
But it seems also interesting to understand the structure of iterated identities for groups
without natural self-similarity structure, for example free and not free groups of various
varieties.
The questions we want to address: which iterated identities hold for a given group or
class of group? Are ”quasi-varitety” defined by a set of iterated varieties of two given
groups coincide? For which groups it is essential to consider iterated identities rather than
identities, that is, in which cases it is essential to allow unbounded number of iteration for a
given identity: we say that the iterated identity is bounded if this guaranteed by a bounded
number of iteration. We say that the group is bounded, if it has at least one non-trivial
iterated identity, all of its iterated identities are bounded and, moreover, the number of
iteration for each of them is bounded by a common upper bound (see definitions defidbounded3.1 anddefbounded
3.2 for more details).
The paper has the following structure. Section
sectionbasic
2 contains preliminaries about iterated
identities. We give first examples of iterated identities. In Example
examplenotproduct
2.7 we show that a
product of iterated identities (in a symmetric group) is not necessarily an iterated identity.
In Section
sectionbounded
3 we define iterational depth of an iterated identity and iterational depth of a
group, as well as bounded groups and groups which are fractal with respect to identities.
In Section
sectionfractalexamples
4 we provide examples of finitely generated elementary amenable groups
which are fractal with respect to identities (see Example exampleelementaryamenable4.1). We show that a conjugate of
an iterated identity of a finitely generated elementary amenable group is not necessarily an
iterated identity of this group (see Example conjugatenotidentity4.4).
In Section
sectionnormalsubgroups
5 we discuss the behavior of iterational depth with respect to quotients. We
show in particular that any polycyclic group is bounded.
In Section
sectionwreath
6 we compute the iterational depth of wreath products of cyclic groups. We
show that
– The iterational depth of Z ≀ Z is equal to 2 (see Proposition propositionwithz6.1)
– The iterational depth of Z ≀Z{RZ is equal to k`1, k being the maximum of αi, where
R “
ś
pαii , pi are prime numbers, αi P Z` ( see Proposition
propositionzwithfinite
6.3).
We show that a subgroup of a finitely generated bounded group is not always bounded.
In Section
sectionmetabelian
7 we prove
Theorem A (Theorem theoremmetabelian7.1 ). Any finitely generated metabelian group is bounded.
In Section
sectionfurthernotions
8 we define another notion of iterated identities, which we call solvability
type (or S type) iterated identities and we discuss the relation between iterated quasi-
varieties and elementary classes generated by varieties of groups. In Example
grigorchuknotelementary
8.7 we con-
sider first Grigorchuk group and show that a group satisfying an iterated identity wpx1q “
x21 does not necessarily belong to the elementary class of groups satisfying bounded itera-
tion of this identity.
In Subsection
openquestions
8.2 we list some open problems.
1.1. Aknowledgements. . The author is grateful to Rostislav Grigorchuk for his remarks
on the preliminary version of this paper.
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2. BASIC FACTS AND EXAMPLES
sectionbasic
Remark 2.1. Suppose that wpx1, . . . , xnq is freely equivalent to w1px1, . . . , xnq. Then a
group G satisfies an E type iterated identity w if and only if it satisfies an iterated identity
w1.
Proof. It is clear thatw˝dpx1, x2, . . . , xnq “ w1˝dpx1, x2, . . . , xnq for anyG, any x1, . . . , xn P
G and any d ě 1. 
Given a group G, we can therefore speak about subset Ωn Ă Fn of E type iterated
identities of G on n variables. We call this subset Ωn characteristic subset of G.
The following is straightforward
Lemma 2.2. (1) If G satisfies an E-type iterated identity w, then any subgroup of G
has the same property.
(2) If G satisfies an E-type iterated identity w, then any quotient of G has the same
property.
(3) If G1 Ă G2 Ă G3 . . . , and each Gi satisfies an E-type identity w, then the union
G “ Y8i“1Gi satisfies the same property.
Example 2.3. Let N be a nilpotent group, G “ N ≀ Z{pZ, wpx1, x2q “ px1x2x´11 x´12 qp.
Then G satisfies an Engel type identity w.
Proof. First observe that w is an iterated identity of N . Indeed, k-th iteration of w belongs
to the k-th group in a central series of N . Observe also that for any x2 P G and any x1 P
Z{pZ8 Ă N ≀ Z{pZ, it holds px1x2x´11 x´12 q P pZ{pZq8, and thus wpx1, x2q “ e. 
examplefreesubgroup Example 2.4. i) Let the word wpx1, x2, . . . , xnq be not freely equivalent to the empty
word. Then for any k ě 1 its iteration w˝kpx1, x2, . . . , xnq is not freely equivalent to
the empty word.
ii) Let G be a group that contains a non-Abelian free subgroup. Then G does not satisfy
any non-trivial E type iterated identity: for any wpx1, x2, . . . , xnq which is not freely
equivalent to the empty word, G does not satisfy w.
Proof. To prove i) and ii), it is sufficient to show that the free group F2 does not satisfy the
iterated identity w, if wpx1, x2, . . . , xnq is not freely equivalent to the identity word. First
observe that w is not freely equivalent to some word in x2, . . . , xn.
Indeed, if G is any group satisfying E type iterated identity wpx1, x2, . . . , xnq such that
wpx1, x2, . . . , xnq “ w
1px2, . . . , xnq, then all iteration of w are equal to w1px2, . . . , xnq.
Hence, If w is an E type iterated identity of G, then wpx1, x2, . . . , xnq “ w1px2, . . . , xnq
is identity of G. If G is a free group, this implies that w is freely equivalent to trivial word.
Now suppose that w is not freely equivalent to some word in x2, . . . , xn. Since F2
contains Fn as a subgroup, it suffices to show that w is not an iterated identity of Fn. Let
x1, . . . , xn be free generators of Fn. Observe that wpx1, . . . , xnq does not belong to the
subgroup generated by x2, . . . , xn. Therefore, wpx1, . . . , xnq, x2, . . . , xn generate a free
group of rank n. Applying the same argument again, we conclude that any iteration of
wpx1, . . . , xnq together with x2, . . . , xn generate a free group of rank n. In particular, no
such iteration is trivial, and hence w is not an iterated identity of G.

subsolvable
2.1. Known results about finite solvable groups. Below we use the following notation:
wy “ y´1wy, w´y “ y´1w´1y, ru,ws “ u´1uw “ u´1w´1uw, rw1, w2, . . . wks “
rw1, w2s, w3 . . . s .
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One of the examples constructed by Brandl and Wilson show in [brandlwilson9] is a sequence
of words in 4 letters X,Y, Z, T : s1pX,Y, Z, T q “ Y , sk`1 is defined recursively by
sk`1pX,Y, Z, T q “ rX, skpX,Y, Z, T q, skpX,Y, Z, T q, Zs
T
. A sequence of words sn
in variables x, y is defined by Bray, Wilson and Wilson in [braywilsonwilson10] by the rules s0 “ x and
sn`1 “ rs
´y
n , sns . Bandman,Greuel, Grunewald, Kunyavskiı˘, Pfister, and Plotkin study
in ([bandmanandco5]) the sequence s1 “ x´2y´1x and sn`1 “ rxs´1n x´1, ys´1n y´1s (in [
bandmanandco
5] the nota-
tion used for the commutator ru,ws “ uwu´1w´1, different from the one we use and
from that of the [brandlwilson9braywilsonwilson, 10ribnere, 26]). Ribnere constructs in [ribnere26] various sequences of the form
sk`1 “ rs
f
k , s
g
ks.
In all these examples it is clear that for any solvable group of solvability length at most
k we have sk “ e. The results of above mentioned papers is that for finite groups the
converse statement holds: any finite group such that sk “ e for any choice of variables and
any sufficiently large k is solvable. (The idea of the proofs is that if there would exist a
non-solvable finite group G with this property, then we could chose G with this property
among minimal simple finite groups. The authors use then the characterization of minimal
finite groups due to Thompson ([thompson127thompson456, 28] to find a simple group which violate this property
and to get a contradiction).
remarkgolod Remark 2.5. In all the examples above, it is clear that there exist (infinite) finitely gener-
ated non-solvable groups G such that sk “ e for all sufficiently large k. Indeed, if G is
such that any 4 generated group ofG is solvable (e.g. G is one of Golod groups constructed
in [golod12]), then it is clear that G has this property.
reformulationsolvable Remark 2.6. Put
wBWpx1, x2, x3, x4q “ rx2, x1, x1, x3s
x4 ;
wBWWpx1, x2q “ rx
´x2
1 , x1s “ rx
´1
2 x
´1
1 x2, x1s “ x
´1
2 x1x2x
´1
1 x
´1
2 x
´1
1 x2x1;
wBGGKPPpx1, x2, x3q “ rx2x
´1
1 x
´1
2 , x3x
´1
1 x
´1
3 s “ x2x1x
´1
2 x3x1x
´1
3 x2x
´1
1 x
´1
2 x3x
´1
1 x
´1
3
The results above imply in our terminology that a finite group satisfies anE type iterated
identity wBW, (or wBWW, or wBGGKPP etc) if and only if it is solvable; and it is clear that
any solvable group, finite or infinite, satisfy these identities. Observe however that a class
of (infinite) groups satisfying the iterated identity wBGGKPP might be smaller than the
class of groups, satisfying the corresponding correct sequence from [bandmanandco5], cited above.
2.2. Symmetric groups. The following example shows that a product of E type iterated
identities is not necessarily an E type iterated identity.
examplenotproduct Example 2.7. Consider a finite symmetric group Sn. Let m be the product of prime num-
bers that are not greater than n. Suppose that n ě 6. Put w1px1, x2, x3, x4q “ x2xm1 x´12 ,
w2px1, x2, x3, x4q “ x3x
m
1 x
´1
3 , w3px1, x2, x3, x4q “ x4x
m
1 x
´1
4 . Then w1, w2, w3 are
iterated identities of Sn, while their productw “ w1w2w3 is not an iterated identity of Sn.
Proof. Observe that for any g P Sn there exists k ě 1 such that gmk “ e. Observe that
w1,˝dpx1, x2, x3, x4q “ x
d
2x
md
1 x
´d
2 , and hence w1 (and, analogously, w2 and w3) is an
iterated identity of Sn.
Now we prove that w is not at iterated identity of Sn. The elements of the set of
cardinality n we number by 1, 2, . . . , n. Consider x1 P Sn which is a product of a cycle
of length four: 1 Ñ 2 Ñ 3 Ñ 4 Ñ 1 and of length two: 5 Ø 6. Note that m is an
even number which is not divided by four, and hence g “ xm1 is a product of two cycles of
length two: 1 Ñ 3 Ñ 1 and 2 Ñ 4 Ñ 1. Observe that x1 is an even permutation. Let us
show that there exist x2, x3, x4 P Sn such that x1 “ x2gx´12 x3gx
´
3 1x4gx
´1
4 . Indeed, x1
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is a product of the following cycles of length two: 5 Ø 6, 1 Ø 2, 1 Ø 3 , 1 Ø 4 (here
and in the sequel we multiply the cycles from left to right). Therefore, It is also a product
of the following cycles of length two
x1 “ pp5Ø 6q, p1Ø 2qq pp1Ø 3q, p5Ø 6qq pp5Ø 6qp1Ø 4qq .
Observe that a product of two cycles on any two pairs of four disjoint elements is conjugate
to g in Sn. We have therefore shown that there exists x2, x3, x4 P Sn such that
x1 “ x2x
m
1 x
´1
2 x3x
m
1 x
´1
3 x2x
m
1 x
´1
2 .
In other words, x1 “ wpx1, x2, x3, x4q, and hence w˝dpx1, x2, x3, x4q “ x1 ‰ e for any
d ě 1. This shows that w is not an iterated identity of Sn.

3. BOUNDED GROUPS, FRACTAL GROUPS, ITERATIONAL DEPTH OF A GROUP
sectionbounded
defidbounded Definition 3.1. Given an Engel type iterated identity w of a group G let us say that G has
iterational depth at most D with respect to w if for any x1, . . . , xn P G there exists d ď D
such that d-th Engel type iteration w˝dpx1, . . . , xnq “ e in G. The infimum of such D we
call iterational depth of w in G and denote by spw,Gq (or spwq for short). If iterational
depth of w in G is finite, we call such iterated identity bounded.
We also say that G has iterational depth at most d if the depth of G with respect to any
Engel type iterated identity that it satisfies, is at most d. The supremum of such d over all
non-trivial (that is, not equivalent to the empty word in a free group) Engel type iterated
identities w we denote by spGq and call it iterational depth of G. If G does not satisfy any
non-trivial iterated identity, we put spGq “ ´8.
defbounded Definition 3.2. We say that G is bounded if spGq is finite (that is, 1 ď spGq ă 8). If
spGq “ `8 we say that G is fractal with respect to identities.
boundedandidentities Remark 3.3. i) Any bounded group satisfies a non-trivial identity.
ii) If G is such that spGq ă 8 then G is bounded if and only if G satisfies a non-trivial
identity.
Proof. i) By definition, since G is bounded, there exists a non-trivial iterated identity
w satisfied by G. Since G is bounded, it implies that there exists D such that for any
x1, x2, . . . , xn it holds w1px1, . . . , xnq “ e for at least one w1 among w, w˝2, . . . , w˝D . If
w is not freely equivalent to the empty word, then none among w, w˝2, . . . , w˝D is freely
equivalent to a free word (see i) of Example examplefreesubgroup2.4). If any tuple of elements of a group satisfy
at least one among a finite list of identities, then the group satisifies a non-trivial identity.
ii) IfG satisfies a non-trivial identityw, thenG satisfies the (non-trivial) iterated identity
w. Therefore, by definition of iterational depth spGq ‰ ´8. Therefore, if spGq ă 8, then
spGq is a finite number, and thus G is bounded.
IfG is bounded, then by the first part of the remark we know thatG satisfies a non-trivial
identity. Therefore, spGq ‰ 8, and thus G is bounded so far as spGq ‰ ´8.

examplefinite Example 3.4. Any finite group is bounded.
Proof. Since G satisfies the E type iterated identity w, we know that for any x1, . . . , xl in
G there exists n such that wnpx1, . . . , xlq “ e. Put s “ maxn, where maximum is taken
over all possible choices of x1, . . . , xl in G.

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exampleabelian Example 3.5. spZdq “ 1. Similarly, if G is an Abelian group which admits an element of
infinite order, then spGq “ 1.
Proof. Observe that if wpx1, . . . , xnq is a E type iterated identity of G, then for any i the
total number of xi in w is equal to zero. (Indeed, otherwise we put xj “ e for any j ‰ i
and let xi be an element of infinite order in G, we observe that w˝dpx1, x2, . . . xnq ‰ e
for any d ě 1 and we get a contradiction). Since G is Abelian, we observe that for any
x1, . . . , xn P G it holds wpx1, . . . , xnq “ 0.

Remark 3.6. If G is a finitely generated Abelian group, then spGq is finite (indeed, in this
case it is finite in case if G is finite by Example
examplefinite
3.4 and is equal to one in case if G is
infinite by Example
exampleabelian
3.5).
It is clear that an infinitely generated Abelian group can have an infinite identity depth,
as for example an infinite direct some
ř
iě1 Z{p
iZ which satisfies an iterated identity
wpx1q “ x
p
1 and does not satisfy any identity of the form w1px1q “ x
pk
1 .
4. FRACTAL EXAMPLES AMONG ELEMENTARY AMENABLE GROUPS
sectionfractalexamples
exampleelementaryamenable Example 4.1. i) Let G be an extension of group of upper uni-triangular infinite square
matricies with integer coefficients by a cyclic group (that acts on Z ˆ Z by z1, z2 Ñ
z1 ` 1, z2 ` 1). Consider w¯px1, x2, x3q “ rx1, rx2, x3sss. Then G satisfies the iterated
identity w¯. For any iterated identity w of G it holds spw,Gq “ 8. In particular, G is
fractal with respect to identities.
ii) Moreover, there exists a continuum of non-isomorphic finitely generated elementary
amenable groups that are fractal with respect to identities, and which do not satisfy any
identity.
Proof. i) Denote by M8 the group of infinite upper uni-triangular matrices with integer
coefficients (which we denote by mi,j , i, j P Z). This group is generated by upper tri-
angular matrices mi, i P Z such that mipi, i ` 1q “ 1 and mipj, kq “ 0 if j ‰ k and
pj, kq ‰ pi, i` 1q. We denote by φ the group homomorphism that sends mi to mi`1. The
group G is by definition the extension of M8 by φ. It is clear that G is a finitely gener-
ated group, indeed, it is generated by φ and m0. G is elementary amenable, since it is an
extension of a locally nilpotent group M8 by a cyclic group.
lemmaiteridw Lemma 4.2. G satisfies the iterated identity w¯ “ w¯px1, x2, x3q “ rx1, rx2, x3sss.
Proof. First observe that for any x2, x3 P G it holds rx2, x3s P rG,Gs Ă M8 and for
any x1 P G it holds w¯px1, x2, x3q P rG,Gs Ă M8. Take some x1, x2, x3 and consider
x “ rx2, x3s and y “ w¯px1, x2, x3q. Since x, y PM8, they generate a subgroup which is
nilpotent, and hence Engel. This shows that there exists d ě 1 such that d-th commutator
of the form r. . . rrx, ys, ys . . . , ys is equal to e. This implies that w¯˝pd`1qpx1, x2, x3q “ e.

Now we want to show that for any iterated identity w of G it holds spw,Gq “ 8.
lemmaMwithoutidentities Lemma 4.3. For any (non-iterated) non-trivial identity w there exists n such that the
group M pnq of n ˆ n upper uni-triangular matrices with integer coefficients does not
satisfy w.
Proof. Any torsion-free finitely generated nilpotent group can be imbedded as as subgroup
in M pnq for some n ě 1 (by a result of Jennings, see [hallnilpotentgroups20]). Let w be a word which is not
8 ANNA ERSCHLER
freely equivalent to the empty word. It is sufficient to check that there exists a torsion-free
finitely generated nilpotent group which does not satisfy w. The latter follows from the fact
that the free group F2 does not satisfy w, and that free groups are residually torsion-free
nilpotent ([magnus193521]).

Lemma
lemmaMwithoutidentities
4.3 and Remark
bou dedandidentities
3.3 imply that for any iterated identityw ofG it holds spw,Gq “
8. Since w¯ is a non-trivial iterated identity ofG (by Lemma lemmaiteridw4.2), this implies, in particular,
that G is fractal with respect to identities.
ii) Let G be the group constructed in the proof of i). Let G1 be any finitely generated
solvable group of step 3 such that the quotient over the the center G{CpGq “ Z ≀ Z.
Consider the direct product G1 “ G1. Observe that G1, and hence G1 satisfies the iterated
identity w from the proof of i). Since G is a quotient of G1, this implies that spw,G1q ě
spw,Gq ě 8, and hence spG1q “ 8, in other words G1 is fractal with respect to identities.
Observe also that CpGq is trivial, and hence CpG `G1q “ CpGq. By [
hall1954
19], Section 3, we
know that any countable Abelian group is a center of some group G1 as above. Therefore,
any countable Abelian A group there exists G1, as above, with the center equal to A. In
particular, there exists a continuum of such groups G1,
Finally observe, that any G1 as above does not satisfy a non-trivial identity, since G1
contains G as a subgroup and since G does not satisfy any non-trivial identity.

The following example shows that , in contrast with usual identities, a conjugate of an
iterated identity is not necessarily an iterated identity.
conjugatenotidentity Example 4.4. LetG and w¯ be as in Example
exampleelementaryamenable
4.1. Considerw1px1, x2, x3, x4q “ x4w¯px1, x2, x3qx´14 .
Then G does not satisfy w1.
Proof. Let ei,jpλq, j ą i denotes the elementary upper-diagonal unitary matrix m, such
that mi,j “ λ and all the other entries of m over diagonal are zero. Denote by ei,j “
ei,jp1q.
Lemma 4.5. Let α be an automorphism the group of infinite upper uni-triangular matrices
M8 such that αpMqi,j “ Mi`1,j`1 Given y P M8 consider the map my : M8 Ñ M8
which sends x to αpxyx´1y´1q.
If y “ e´1,0e0,1p´1qe´1,1p´1q and x “ e´1,0, then my,˝dpxq ‰ e for any d ě 1.
Moreover, my,˝dpxq ‰ e is an elementary matrix with exactly one non-zero value off the
main diagonal, at p´d, 0q.
Proof. First note that α preserves the lower central series M “ M0 Ą M1 Ă M2 . . . of
M8 (here Mi`1 “ rM,Mis), and therefore my,˝dpxq P Md for any d ě 1. This implies
that the entries on d diagonal above the main diagonal (that is, the entries at positionpk, k`
lq, l ď d) of the matrix my,˝dpxq are zero.
Now prove by induction on d the fact that my,˝dpxq ‰ e “ e´pd`1q,0pλq, for some
λ ‰ 0.
The base d “ 0 follows from the definition of x.
Suppose that my,˝dpxq “ e´pd`1q,0pλq, for some λ ‰ 0.
Observe that all non-zero entries of re´pd`1q,0pλq, ys off the main diagonal belong to the
square i ě ´pd` 1q, i ď 1, j ě ´pd` 1q, j ď 1. Indeed, observe that if a matrix belongs
to this square, then its inverse also belongs to this square, and if two matrices belong to
this square, then their product belongs to this square. Observe also that re´d`1,0pλq, ys
belongs to Md`1, and this is an uni-triangular matrix with d` 1 zero diagonals above the
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main diagonal. We conclude that the only possible value of re´d`1,0pλq, ys off the main
diagonal at i “ ´pd`1q, j “ 1. Let us show that this entry is non-zero. To do this observe
that e´d`1,0 does not commute with y. Indeed, the entry at ´pd ` 1, 1q of e´pd`1q,0pλqy
is equal to ´λ, and that the the entry at ´pd` 1, 1q of ye´pd`1q,0pλq is equal to zero.
We have shown that re´d`1,0pλq, ys is e´pd`1,1qpλ1q, for some λ1 ‰ 0. This implies
that αprx, ysq “ αpre´pd`1q,0pλq, ysq “ e´pd`2q,0pλ1q, and this concludes the proof of the
induction step and the proof of the lemma.

Now take x2, x3 P G such that rx2, x3s “ y. Such x2 and x3 do exist: indeed, take
x2 “ m0, x3 “ φ, observe that x2x3x´12 x´13 “ m0φm0φ´1 “ m0m1. Put x1 “ x “
e´1,0 and x4 “ φ.
Observe that for any x PM it holdsw1px, x2, x3, x4q “ mypxq. Thereforew1˝px1, x2, x3, x4q “
my,˝dpx1q ‰ e for any d ě 1. We have therefore shown that w1 is not an iterated identity
of G.

5. IDENTITIES AND ITERATED IDENTITIES OF GROUP EXTENSIONS, RESTRICTION OF
VERBAL MAP ON AN INVARIANT SUBGROUP AND DYNAMICS OF ITS ITERATIONS
sectionnormalsubgroups
Let wpx1, . . . , xnq be a word and G be a group. Fix x2, . . . , xn and consider a verbal
map fromG to G, xÑ wpx, x2, . . . , xnq. We denote this verbal map by φw “ φw,x2,...,xn .
Now let N be a normal subgroup of G and suppose that w is an identity of G{N . Then
for any x2, . . . , xn P G and any x P G it holds wpx, x2, . . . , xnq P N . In other words
φw,x2,...,xnpxq P N for any x P G, and, in particular, for any x P N . We can therefore
study the restriction of the verbal map φw,x2,...,xn to N .
remarkuv Remark 5.1. Observe than any wordw “ wpx1, . . . , xnq can be written aswpx1, . . . , xnq “
upx1, . . . , xnqvpx2, . . . , xnq, where the word u has the following form
upx1, . . . , xnq “
Nź
i“1
αix
li
1 α
´1
i ,
where li P Z and αi are some word in x2, . . . , xn.
If w is an identity of G{N , then so is vpx2, . . . , xnq. In other words vpx2, . . . , xnq P N
for any x2, . . . , xn P G
kernelinN Remark 5.2. Let wpx1, . . . , xnq be a word, G be a group and N is a normal subgroup of
G. Fix some x2, . . . , xn and consider the verbal map φ “ φw,x2,...,xn (that is, φpxq “
wpx, x2, . . . , xnq. Then either φpnq P N for any n P N , or φpnq R N for any n P N .
Proof. Use Remark remarkuv5.1 and write w “ upx1, . . . , xnqvpx2, . . . , xnq. Since u is a product
of conjugates of x1 and since N is a normal subgroup, we conclude that φupxq P N for
any x P N . If vx2,...,xn P N , then φpxq P N for any x P N .
Otherwise, if vx2,...,xn R N , then φpxq R N for any x P N .

lemmahomom Lemma 5.3. Consider w, v and u defined in Remark remarkuv5.1. Fix x2, . . . , xn. Consider the
verbal map φu from G to G and its restriction to N .
If N is an Abelian normal subgroup, then the restriction of φu to N defines a group
homomorphism on N .
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Proof. Let y, z P N . Observe that pyzqli “ ylizli , and hence
φupyzq “
Nź
i“1
αipyzq
liα´1i “
Nź
i“1
`
αiy
liα´1i αiz
liα´1i
˘
“
Nź
i“1
αiy
liα´1i
Nź
i“1
αiz
liα´1i “ φupyqφupzq.

commutewithaction Lemma 5.4. . We consider again w, u, v from Remark remarkuv5.1. Let G{N and N be Abelian
groups. Then
i) for any x2, . . . , xn P G the restriction of φu to N commutes with the action (by
conjugation) of G on N .
ii) for any x2, . . . , xn P G any any x P N φupxq belongs to the linear span of apxq,
a P G{N .
Proof. First observe that the action of g on N depends only on the image of g in G{N .
Indeed, if g “ hn, n P N , then gmg´1 “ hnmn´1h´1 “ hmh´1 (n commute with
m since m,n P N and N is Abelian). To prove i) observe that by the definition of φi in
Remark
remarkuv
5.1 φupnq “
ś
αin
liα´1i , and hence
gφupnqg
´1 “ g
ź
αin
liα´1i g
´1 “
ź
gαin
liα´1i g
´1 “
ź
gαin
lipgαiq
´1
Since G{N is Abelian, gαi “ αig in G{N , and hence the action by conjugation on N
of these two elements are the same. Therefore
gφupnqg
´1 “
ź
αign
lipαigq
´1 “
ź
αipgng
´1qliα´1i “ φupgng
´1q.
ii) follows from the definition of φu. 
Two following lemmas control the depth of a group which contains a cyclic normal
subgroup, finite or infinite.
lemmafinitenormalsubgroup Lemma 5.5. Let G be a group and N be a finite normal subgroup of G. The cardinality
of N we denote by #N . Let w be an iterated identity of G. Then
spw,Gq ď pspw,G{Nq ` 1qp#N ` 1q
In particular, If G{N is bounded, then G is bounded.
Proof. Ift wpx1, . . . , xnq be an iterated identity of G, then w is an iterated identity of
G{N . Denote by D the iterational depth spw,G{Hq. For any x1 . . . , xn P G{N there
exists d ď D such that w˝dpx1, . . . , xnq “ e in G{N . In other words, for any x1, . . . , xn
in G here exists d ď D such that w˝dpx1, . . . , xnq Ă N . Fix x2, . . . , xn and consider
some x P N . Since w is an iterated identity of G there exists m (depending on x and
x2, . . . , xn) such that w˝mpx, x2, . . . , xnq “ e.
Let φ : G Ñ G be the verbal map φpxq “ wpx, x2, . . . , xnq. Let R denotes the
cardinality of N . Observe that for any x P G there exist 1 ď m1 ă m2 ă m3 ă mR`1
such that φ˝mj pxq P N for any j : 1 ď j ď R ` 1 and such that m1 ď D ` 1, such that
mj`1 ´mj ď D ` 1 for any j ď R and such that
Observe that 1 ď m1 ă m2 ă m3 ă mR`1 ď pD ` 1qpR` 1q. Therefore, there exist
at least among these R ` 1 elements there exist at least two equal ones, that is, there exist
r, s : 1 ď r ă s ď pR ` 1qpD ` 1q “ such that φ˝rpxq “ φ˝spxq, This implies that for
any t ě 0 φ˝r`tpxq “ φ˝s`tpxq. This implies that if φ˝mpxq “ e for some m ě 1, then
there exists m ď pR` 1qpD ` 1q such that φ˝mpxq “ e
We have shown therefore that spw,Gq ď pspw,G{Nq ` 1qp#N ` 1q.
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Now assume that G{N is bounded. Then spG{Nq ă 8, and thus sG ă 8. Since G{N
is bounded, we know from Remark
boundedandidentities
3.3 that G{N satisfies at least one non-trivial identity,
which we denote by w. Then G satisfies an identity wR, and it is clear that wR is not
freely equivalent to a trivial word. Thus, we know that spGq ă 8 and that G satisfies a
non-trivial identity. Using
boundedandidentities
3.3 we conclude that G is bounded.

lemmacyclicquotient Lemma 5.6. Let G be a group and N be an infinite normal cyclic subgroup of G. For any
iterated identity w of G it holds spw,Gq ď 2spw,G{Nq ` 1.
In particular, if If G{N is bounded, then G is bounded.
Proof. Let wpx1, . . . , xnq be an iterated identity of G. Since w is an iterated identity of
G{N and since G{N is bounded, there exists D such that for any x1, . . . , xn in G here
exists d ď D such that w˝dpx1, . . . , xnq Ă N .
Fix x2, . . . , xn. For any d ě 0 consider the verbal map φd, defined by w˝d. By remarkkernelinN
5.2 we know that either φdpxq P N for any x P N , or ψdpxq R N for any x P N . This
implies that if d2 ă d1 and φdpeq, φ2dpeq P N , then φd1´d2peq P N . Let D be a common
divisor of such d1. We have φlpeq P N if and only if l is divided by D, and , moreover,
for any x P N we know that φlpeq P N if and only if l is divided by D. In particular, if
φlpxq “ e for some x P N , then l is divided by D. Observe that D ď d ` 1, since there
exists m : 1 ď m ď d` 1 such that φmpeq P N .
Apply Remark
remarkuv
5.1 tow˝D and consider u and v defined in this remark. For any x2, 9,xn P
G, the restriction of the verbal map of w˝D has the form ψpxq “ φupxq ` v, where φ is a
homomorphism of (an infinite cyclic group) N , and v P N .
We have already shown that for any x P N there exists an integer l such that φDlpxq “
ψ˝lpxq “ e.
Since φu is a homomorphism from Z to Z, there exists an integer T such that φupxq “
Tx. Since ψ˝mpeq “ 0 for some m, it follows that v`φupvq` . . . φu,˝pm´1qpvq “ 0. This
implies that φupeq takes finitely many values, we denote this finite set by Ω. Observe that
for any l ě 1 there exists ω P Ω such that ψ˝lpxq “ T lx` ω, for any x P N . Assume that
T ‰ 0. Note that then for any sufficiently large x all values of ψ˝lpxq are non-zero. This
contradiction shows that T “ 0.
We know , therefore, that φpuqpxq “ 0 for any x P N , and hence ψ˝lpxq “ v for any
l ě 1, and hence v “ e. This shows that ψpxq “ 0 for any x P N , and this implies that for
any x1, . . . , xn there exists l ď d`D ď 2d` 1 such that w˝lpx1, . . . , xnq “ e. We have
shown therefore that spw,Gq ď 2spw,G{Nq ` 1.
Finally, observe that G satisfies a non-trivial identiy if G{N satisfies a non-trivial iden-
tity. Indeed, let wpx1, . . . , xnq be an identity of G{N . Consider w1px1, . . . , x2nq “
rw ˚ px1, . . . , xnq, wpxn`1, . . . , x2nqs. It is clear that w1 is not freely equivalent to an
empty word if w has this property, and it is clear that G satisfies the identity w1. 
Lemma
lemmafinitenormalsubgroup
5.5 and Lemma
lemmacyclicquotient
5.6 imply the following
Corollary 5.7. Any finitely generated polycyclic group is bounded.
5.1. Nilpotent groups.
remarkuvnilpotent Remark 5.8. Any word wpx1, . . . , xnq can be written as
wpx1, x2, . . . , xnq “
Nź
j“1
rxl
j
1 , ujsx
r
1vpx2, . . . , xnq,
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where uj are words in x2, . . . , xn, lj are integers and r is the total number of x1 in w . We
denote
upx1, . . . , xnq “
Nź
j“1
rxl
j
1 , ujs.
Proof. Write a word w as a product of words px2, x3, . . . , xnq and powers of x1 and prove
the statement of the remark by induction on the number of terms in such product.

It is not difficult to describe all E type iterated identities of a nilpotent group:
examplenilpotent Example 5.9. Let G be a nilpotent group and wpx1, x2, . . . , xnq be a word. Let u, v be
the words defined in Remark remarkuvnilpotent5.8 and r be the total number of x1 in w.
i) Suppose that there exists an integer m ą 0 such that for any element g P G there
exists an integer t ą 0 such that such that gmt “ e. Take m to be the minimal positive
integer with this property. The word w is an E type iterated identity of G if and only if r is
divided by m and vpx2, . . . , xnq is an identity of G.
ii) Otherwise (for example, if G contains at least one element of infinite order) the word
w is an E type iterated identity of G if and only if r “ 0 and vpx2, . . . , xnq is an identity
of G.
Proof. First suppose that w is an E type iterated identity of G. Consider x1 “ x, x2 “
x3 “ . . . xn “ e. Observe that for all d ě 1 it holds w˝dpx1, x2, . . . , xnq “ xr
d
. This
implies r “ 0 that under assumption of ii) and that r is divided by m under assumption of
i).
Let us show that v is an identity of G. Suppose not. Then there exists x2, . . . , xn such
that vpx2, . . . , xnq ‰ e.
If G satisfies the assumption of ii), take M ě 0 such that vpx2, . . . , xnq belongs to the
M -th term of the lower central series of G and does not belong to theM`1-th term of this
series. Observe that for any x1 and any d ďM the iterationw˝dpx1, x2, . . . , xnq belongs to
the d-th term of the lower central series of G. Observe also that w˝pM`1qpx1, x2, . . . , xnq
(as well as w˝dpx1, x2, . . . , xnq for any d ěM `1) belongs to the M -th term of the lower
central series but does not belongs to theM`1-th term. This shows thatw˝dpx1, x2, . . . , xnq
is not equal to e, for any x1 and any d ěM . This is a contradiction with the fact that w is
an iterated identity of G.
If G satisfies the assumption of i), observe that any finitely generated subgroup of G is
finite. Consider the following central series ofG: λ0pGq “ G, λi`1pGq be the normal sub-
group generated by rλipGq, Gs and λipGqm. We consider, as before, x2, . . . , xn such that
vpx2, . . . , xnq ‰ e. Put x1 “ e. Let G1 be the subgroup of G generated by x1, x2, . . . , xn.
Observe that the series λdpG1q (of the finite group G1) has a finite number of non-trivial
terms. Since vpx2, . . . , xnq ‰ e, there exists M ě 0 such that vpx2, . . . , xnq ‰ e belongs
to λM pG1q and does not belong to λpM`1qpG1q.
Observe that for any x1 and any d ď M w˝dpx1, x2, . . . , xnq belongs to λdpG1q. Ob-
serve also thatw˝M`1px1, x2, . . . , xnq (as well asw˝dpx1, x2, . . . , xnq for any d ěM`1)
belongs to λM pG1q-th but does not belongs to λM`1pG1q-th term. This contradicts the fact
that w is an iterated identity of G.
Now suppose that ri satisfy the assumption of i) and ii) correspondingly. Let us show
that w is an E type iterated identity of G.
Under assumption of ii) it is clear that w˝dpx1, x2, . . . , xnq “ xN belongs to the d-the
term of the lower central series of G.
ITERATED IDENTITIES AND ITERATIONAL DEPTH OF GROUPS 13
If G satisfies the assumption of i) and w satisfies the condition of i), it is clear that
w˝dpx1, . . . , xnq belongs to λdpG1q, where G1 is a subgroup generated by x1, . . . , xn.
Observe that G1 is a finite nilpotent group such that for any g P G1 there exists t such that
gm
t
“ e. This implies that λdpG1q has finite length (that is, there exists a finite number of
non-zero terms in this series), and therefore w is an iterated identity of G.

Corollary 5.10. Let G be a nilpotent group. Let Ωn Ă Fn be the set of E type iterated
identities of G. Then Ωn is a normal subgroup of the free group Fn, for any n ě 1.
Proof. If G satisfies the assumption of ii) and w1 and w2 satisfy the conditions of ii),
observe that their product w “ w1w2 , as well as for any conjugate w “ w1w1pw1q´1 it
holds w˝dpx1, . . . , xnq “ u˝dpx1, . . . , xnq belongs to the d-th term of the lower central
series of G.
Observe also that if G satisfies the assumption of i) and w1 andw2 satisfy the conditions
of i), then their product w “ w1w2 , as well as any conjugate w “ w1w1pw1q´1 it holds
w˝dpx1, . . . , xnq belongs to λdpG1q, where G1 is a (finite nilpotent) subgroup generated by
x1, . . . , xn.

6. EXAMPLES OF ITERATIONAL DEPTH. WREATH PRODUCTS
sectionwreath
propositionwithz Proposition 6.1. spZ ≀ Zq “ 2
Proof. Let G “ Z ≀ Z, N “ Z8 Ă G. Let A “ G{N . We know that A “ Z. Let
wpx1, . . . , xnq be an iterated E-type identity of G. Since G has elements of infinite order,
the total number of xi in w is equal to zero, for each i. Therefore, w is an identity of
A. We consider upx1, x2, . . . , xnq and vpx2, . . . , xnq defined in Remark
remarkuv
5.1. It holds
wpx1, . . . , xnq “ upx1, x2 . . . xnqvpx2, x3, . . . xnq.
We want to show that for any x P N it holds φupxq “ 0. Let ǫi, i P Z be the standard
basis of ZZ. If φupxq ‰ 0 for some x P N , then there exists i P Z such that φpǫiq ‰ 0. Let
φupǫiq “
Mÿ
i“´M
βjǫi`j
By Lemma
commutewithaction
5.4 we know that φu commutes with the action of Z on ZZ by conjugation.
Therefore, for any k P Z it holds
φupǫkq “
Mÿ
i“´M
βjǫk`j
Let m be the maximal among i such that βi ‰ 0 and suppose that m ě 0. Let
v “ vpx2, x3, . . . , xnq “
Lÿ
i“´L
γiǫi
Take any k ą L. Observe that the l-the iteration of φuv, applied to ǫk, has a coordinate
βlm ‰ 0 at the basis vector ǫk`ml. Therefore, any such iteration is not equal to zero,
and hence no E type iteration of w at px1, . . . , xnq is equal to e in G. We have got a
contradiction with the fact that w is an iterated identity of G.
Therefore, for any x2, . . . , xn and any x P N it holds φupxq “ 0. Take any x1 P G.
Since wpx1, . . . , xn P N , we conclude that for any l ě 2 the l-the iteration of w at
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x1, . . . , xn is equal to vpx2, . . . , xnq. Since for some l this iteration is trivial, we see that
vpx2, . . . , xnq “ e and hence the second iteration of w is trivial.
We have shown that spZ ≀ Zq ď 2.
Remark 6.2. Take w “ px1, x2q “ rx1, rx1, x2ss.
1) w is an iterated identity of Z ≀ Z.
2) w is not an identity of Z ≀ Z.
Proof of the remark.
1) Note that w “ px1, x2q “ rx1, rx1, x2ss belongs to the commutator subgroup of
Z ≀ Z for any x1 and x2. Observe also that for any x1, x2 their commutator belongs to
the commutator subgroup, and the commutator subgroup of Z ≀ Z is Abelian. Therefore,
wpx1, x2q “ e for any x2 P Z ≀ Z x1 and any x1 in the commutators subgroup of Z ≀ Z.
Hence, the second E type iteration of w is trivial.
2) Let x, a be the standard generators of Z ≀ Z, where x corresponds to the generator
of Z that acts. Put x1 “ x, x2 “ xa. Observe that rx1, x2s is not a power of x, and this
implies that rx1, x2s does not commute with x. In other words, wpx1, x2q ‰ e.
qed
The remark implies that spZ ≀ Zq ě 2, and hence spZ ≀ Zq “ 2

propositionzwithfinite Proposition 6.3. spZ ≀ Z{RZq “ k ` 1, k being the maximum of αi, where R “
ś
pαii ,
pi are prime numbers, αi P Z`.
Proof. We have G “ Z ≀ Z{nZ and we consider N “ pZ{RZq8 Ă G. A “ G{N “ Z.
Let w be an iterated identity of G. Since G has elements of infinite order, the total number
of xi in w is equal to zero, for each i. Therefore, w is an identity of A. We consider
upx1, x2, . . . , xnq and vpx2, . . . , xnq defined in Remark
remarkuv
5.1. It holds wpx1, . . . , xnq “
upx1, x2 . . . xnqvpx2, x3, . . . xnq.
We want to show that for any x P N it holds φu,˝kpxq “ 0. Let ǫi, i P Z be the standard
basis of pZ{RZqZ.
Suppose that φu,˝kpxq ‰ 0 for some x P N . Since φu, and hence also all its iterations
φu,˝k are homomorphism of the Abelian group N , exists i P Z such that φu,˝kpǫiq ‰ 0.
Let
φupǫiq “
Mÿ
i“´M
βjǫi`j
By Lemma
commutewithaction
5.4 we know that φu commutes with the action of Z on pZ{RZqZ by conju-
gation. Therefore, for any r P Z it holds
φupǫrq “
Mÿ
i“´M
βjǫr`j
Observe that if all bi are divided by any of pj among the prime divisors of R, then all
coefficients of φu,˝kpǫiq are divided by pkj , for all j. In this case all such coefficients are
divided by R, and thus φu,˝kpǫiq “ 0 in pZ{RZqZ.
Therefore, we can assume that there exists some p among prime divisors of R and some
integer j such that βj is not divided by p. Let m be the maximal among j such that βj is
not divided by p. Without loss of generality we can assume that m ě 0.
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Let
v “ vpx2, x3, . . . , xnq “
Lÿ
i“´L
γiǫi
Take any T ą L. Observe that the l-the iteration of φuv, applied to ǫM , has a coordinate
βlm ‰ 0 at the basis vector ǫT`ml. Therefore, any such iteration is not equal to zero,
and hence no E type iteration of w at px1, . . . , xnq is equal to e in G. We have got a
contradiction with the fact that w is an iterated identtity of G.
Now let us show that γi is divided by R, for any i. Indeed, otherwise there exist a prime
divisor p of R such that R is divided by ps, and there exists i such that γi is not divided
by ps. Let t be the maximal number such that γi is divided by pt for all i. We know that
t ă s. Observe that all coefficients of φu, pvq are divisible by pt`1, and hence φw, pvq ” v
modulo pt`1pZ{RZqZ. This implies that for all l ě 1 φw,˝l, pvq ” v modulo pt`1Z{RZ.
Therefore, φw,˝l ‰ e for all l ě 1. This contradiction shows that γi is divided by R, for
any i. In other words, v ” 0 in pZ{RZqZ.
We have shown therefore that for any x2, x3, . . . , xn P G and any x P N it holds
φw,˝kpxq “ w˝kpx, x2, . . . , xnq “ e This implies that spZ ≀ Z{RZq ď k ` 1.
Remark 6.4. Take wpx1, x2q “ rxm1 , x2s, where m “ p1 . . . pl, pi are prime numbers.
Consider G “ Z ≀ Z{RZ
1) If prime divisors of R are contained among p1, . . . , pl, then wpx1, x2q is an iterated
identity of Z ≀ Z{RZ
2) If n is divided by pk1 , then w˝kpx1, x2q is not an identity of Z ≀ Z{RZ.
Proof of the remark.
1) Observe that wpx1, x2q P pZ{RZq8 for any x1, x2 P G Observe also that for any
x2 P G and any k ě 0 and x1 P mkpZ{RZq8 it holds wpx1, x2q P mk`1pZ{nZq8. By
the assumption of the remark we know that there exist k such that mk is divided by R.
Hence for any x1, x2 P G the k ` 1-th Engel type iteration of w, evaluated at x1, x2 is
trivial.
2) Let x, a be the standard generators of Z ≀ZRZ, where x corresponds to the generator
of Z. Put x1 “ xa, x2 “ x. Observe that rxm1 , x2s is a configuration of the wreath product
that has two non-zero values: ´1 at m ` 1 and `1 at 1. Applying w to rxm1 , x2s and x2
we get a configuration, with the value at the maximal point of the support equal to m. The
k-the iteration, applied to x1 and x2, has value mk´1 at one of the points of its support.
Since R is divided by pk1 , we know that mk´1 ‰ 0 in Z{RZ. We conclude that k-iteration
of w is not an identity of Z ≀ Z{RZ.
qed
The remark implies that spZ ≀Z{RZq ě k` 1 for R, k satisfying the assumption of the
theorem).

6.1. Central extensions.
kernelnormalsubgroup Remark 6.5. Let H be a normal subgroup of G, wpx1, . . . , xnq be some word and denote
by φd the verbal map φdpxq “ w˝dpx, x2, . . . , xnq.
i) For any x2, . . . , xn there exists D (an integer number or 8) such that the following
holds. For any x P H the image φlpxq P N if and only if l is divided by D.
ii) If we assume additionally thatw is an iterated identity ofG{H , thenD ď spw,G{Hq`
1.
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Proof. i) Apply Remark remarkuv5.1 to w˝d. We know that there exist words ud and vd such that
φdpxq “ φudpx, x2, . . . , xnqvdpx2, . . . , xnq. Observe that φudpx, x2, . . . , xnq is a product
of conjugates of powers of x. Thereforeφudpx, x2, . . . , xnq belongs toH whenever x P H ,
since H is a normal subgroup. If vdpx2, . . . , xnq belongs to H then φdpxq P H for any
x P H . If vdpx2, . . . , xnq does not belong to H then φdpxq R H for any x P H .
Now observe that if D is such that φ˝dpxq P N for any x P N , then φ˝kD also has
property. Observe also that if a ą b and φ˝a and φcircb both have this property, then
φ˝pa´bq also has this property.
ii) If φ1pxq P H for some x P H , then D (defined in i) ) is equal to 1, and thus
1 “ D ď spw,G{Hq. Otherwise, φ1peq R H . In this case there exists l ď spw,G{Hq
such that φl`1 “ φlpφpeqq P H , and thus D ď spw,G{Hq ` 1.

lemmacentral Lemma 6.6. Assume that H is a central subgroup of G. For any iterated identity w of G
such that the total number of each xi in w is equal to zero
spw,Gq ě 2spw,G{Hq ` 1.
In particular, if G contains at least one element of infinite order and if G{H is bounded,
then G is bounded.
Proof. Let d “ spw,G{Hq. Fix some x2, . . .xn P G.
Let φd is a verbal map φdpxq “ w˝dpx, x2, . . . , xnq.
By Remark
kernelnormalsubgroup
6.5 we know that there exists D ď d` 1 such that for any x P N the image
φlpxq P N if and only if l is divided by D.
Apply Remark
remarkuv
5.1 to w˝D and write φDpxq “ upx, . . . , xnqvpx2, . . . , xnq. Since the
total number of entries of x1 in w is equal to zero and since H is central, we see that
upx, . . . , xnq “ e. Let us show that vpx2, . . . , xnq “ e. Indeed, otherwisew˝plDqpe, x2, . . . , xnq “
vpx2, . . . , xnq ‰ r for any positive integer l. This implies that w˝mpe, x2, . . . , xnq ‰ e for
any positive integerm, and this is a contradiction with the fact that w is an iterated identity
of G.
We have shown therefore that vpx2, . . . , xnq “ e, and thus w˝Dpx, x2, . . . , xnq “ e for
any x P H .
This implies that for any x2, x3, . . . , xn and any x P G there exists l ď d`D ď 2d` 1
such that w˝lpx, x2, . . . , xnq “ e, and hence spw,Gq ě 2spw,G{Hq ` 1.
Finally observe that if G{H satisfies some non-trivial identity, so does G: if G satisfies
an E type iterated identity wpx1, . . . , xnq, then G{H satisfies the commutator identity
w1px1, . . . , x2nq “ rwpx1, . . . , xnq, wpxn`1, . . . , x2nqs. 
Example 6.7. Let G be a solvable group such that the center CpGq “
ř8
i“1 Z{p
iZ and
such that G{CpGq “ Z ≀ Z. (Such groups do exist, see Section 3 in [hall195419]). Then G is
bounded,, but CpGq is not bounded.
Proof. From Proposition propositionwithz6.1 we know that Z ≀Z is bounded. Since G is a central extension
of Z ≀ Z, we can use Lemma
lemmacentral
6.6 to conclude that G is bounded.

7. METABELIAN GROUPS
sectionmetabelian
theoremmetabelian Theorem 7.1. If G is a finitely generated metabelian group, then spGq if finite.
Proof. If G is finite, we know that G is bounded (see Example examplefinite3.4). We will therefore
assume that G is infinite.
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Let N be an Abelian normal subgroup of G, such that A “ G{N is Abelian.
Letw be an iteratedE-type identity ofG. SinceG is infinite finitely generated metabelian
group, it contains an element of infinite order. Therefore, for each i the total number of xi
in w is equal to zero. In particular, w is an identity of A. Using Remark
remarkuv
5.1 we can write
wpx1, . . . , xnq “ upx1, . . . , xnqvpx2, . . . , xnq.
Fix x2, . . . , xn and consider the homomorphism φu : N Ñ N . (By Lemma
lemmahomom
5.3 we
know that φu is indeed a homomorphism). We also considerφwpxq “ φupxqvpx2, . . . , xnq “
wpx, x2, . . . , xnq.
Since A is a finitely generated Abelian group, A “ Zd ` Af , d ě 0, Af is a finite
Abelian group.
Given a map ρ from N to N let us say that ρ is recurrent if for any x P N there exists
n such that the n-th iteration ρ˝npxq “ e. Since w is an iterated identity, we know that the
map φw : N Ñ N is recurrent. Our goal is to find a common upper bound for (minimal) n
such that φw,˝npxq “ e, which does not depend on x2, . . . , xn and does not depend on w.
To do this, we need to study dynamics of the homomorphism φu and of the ”affine map”
φw on N .
lemmafinitetensor Lemma 7.2. Let F be a torsion-free Abelian group such that its tensor product F b Q
has finite dimension, which we denote by D. ξ : F Ñ F be a homomorphism, a is some
element of F and ρpxq “ ξpxq ` a. Suppose that for any x P F there exists n such that
ρ˝npxq “ e. Then for any x P F it holds ρ˝Dpxq “ ξ˝Dpxq “ e.
Proof. Since F is torsion free, F is imbedded in V “ F bQ.
It is clear that ξ extends to a linear map from V to V , and we use the same letter ξ
to denote this linear map. First let us show that the kernel of ξ˝D is equal to V . Let
Vi “ ker ξ˝i. It is clear that V1 Ă V2 Ă V3 . . . . It is also clear that if for some j it holds
Vj “ Vj`1, then for any k ě j it holds Vk “ Vj . Suppose that the kernel of ξ˝d is not
equal to V . Then there exists a linear subspace U of dimensionď D´ 1 such that for any
i ě D ´ 1 it holds Vi “ U .
Now observe that there exits M such that φ˝M p0q “ φ˝pM´1qpφp0qq “ 0. Note that ρ
(as well as its iterations) extends to an affine map from V to V , denote by Wi the kernel of
φ˝i in V .
Observe that that Wi is contained in the union of the image of U by a finite number
of translations. In other words, the union W “ YWi is contained in Yli“1pU ` viq, for
some l ě 0 and some vi P V . Note that since the linear span of the image of F is equal
to V ‰ U , there exists a f P F such that its image does not belong to U . Replacing,
if necessary, f by some of its power Lf , we conclude that there exists f P F such that
its image in the tensor product does not belong to W . This is a contradiction with the
assumption of the lemma.
Now we know that the kernel of ξ˝D is equal to V : VD “ VD`1 “ VD`2 “ ¨ ¨ ¨ “ 0
and ξ˝Dpxq “ 0 for any x P F .
Observe that φ˝jp0q “ a` ξpaq ` ξ˝2paq ` ¨ ¨ ¨ ` ξ˝pj´1qpaq. This shows that for any
j ě D it holds φ˝jp0q “ φ˝dp0q. Since φ˝M p0q “ 0 for some M ě 1, and thus we
conclude that φ˝jp0q “ 0 for any j ě D.
This implies that φ˝jpxq “ ξ˝jpxq for any j ě D and any x P F , and completes the
proof of the lemma.

In Lemma
lemmaalongcoordinates
7.3 below we use additive notation for N and G{N .
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lemmaalongcoordinates Lemma 7.3. Let G{N and N be Abelian groups. Let wpx1, . . . , xnq be an identity of
G{N and u and v be as in Remark
remarkuv
5.1, Assume that G{N “ Zd `A1, A1 is finite. Denote
by ǫ1, . . . , ǫd the standard generators of Zd.
i) There exists lj ( j P J , J is a finite set), and rj “ pr2,j , . . . , rdq such that for any
x2, . . . , xn P G and x P N
φupxq “
ÿ
jPJ,z“pr2,jx2,r3,jx3,...,rn,jxnq
ljzpsq
and such that for any k : 1 ď k ď d there exists x2, . . . , xn P G such that for any
x P N
φupxq “
ÿ
jPJ
ljx
Mjǫk ,
where Mj are integers such that Mj ‰Mj1 for j, j1 P J such that j ‰ j1.
In particular, if there exists x2, . . . , xn such that the homomorphism φu from N to N is
not identically zero, then there exists x2, . . . , xn such that φu has the form as above and at
least one of coefficients lj is non-zero.
ii) Assume moreover that w is an iterated identity of G and that N contains at least one
non-identity element. If there exists x2, . . . , xn such that the homomorphism φu from N to
N is not identically zero, then there exists x2, . . . , xn such that φu has the form as above
and at least two of coefficients lj is non-zero.
Proof. We know that wpx1, . . . , xnq “ upx1, . . . , xnqvpx2, . . . , xnq, u and v are identities
of G{N . Fix some x2, . . . , xn in G. Put ψpxq “ φupxq “ upx, x2, . . . , xnq. For any
x P G
upx, x2, . . . , xnq “
ź
αipx2, . . . , xnqx
liαipx2, . . . , xnq
Observe that for any x P N αipx2, . . . , xnqxliαipx2, . . . , xnq depends only on the
image of αi in G{N . Regrouping, if necessary, the terms with the same image of αi in
G{N , we conclude that for any x2, . . . , xn P G and x P X φu has the following form, in
the additive notation on N and G{N :
φupxq “
ÿ
jPJ,z“pr2,jx2,r3,jx3,...,rn,jxnq
ljpsq
z
Now we fix k : 1 ď k ď d and consider x2, . . . , xn P G{N (or to be more precise,
consider x2, . . . , xn in G with corresponding image in G{N x2 “ L2ǫk, x3 “ L2ǫk,
xn “ Lnǫk. Consider the lexicographic order on Zn´1. Observe that if positive integers
Li are such that L2 is much larger than L3, L3 is much larger than L4, . . . ( L2 ąą L3 ąą
L4 ąą ¨ ¨ ¨ ąą Ln) and if r “ pr2, . . . , rnq ą r¯ “ pr¯2, . . . , r¯nq in the lexicographic order
on Zn´1, then
L2r2 ` L3r3 ` ¨ ¨ ¨ ` Lnrn ą L2r¯2 ` L3r¯3 ` ¨ ¨ ¨ ` Lnr¯n
Thus, choosing a quickly decreasing sequence of positive integers L2, . . . , Ln, we can
assure that all Mj “ L2r2,j ` L3r3,j ` ¨ ¨ ¨ ` Lnrn,j , j belonging to the finite set J , are
distinct.
This completes the proof of i).
Two prove ii) take some x ‰ e, x P N . Observe that if φupxq “
ř
jPJ ljx
Mjǫk for some
choice of x2, . . . , xn and all x and exactly one among coefficients lj is non-zero, then any
iteration of φu has the same property, which contradicts the fact that some iteration of
φupxq is trivial.

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lemmacubeisfinite Lemma 7.4. Let H be an Abelian group, A “ Zd act on H and there exists s P H such
that H is generated by apsq, a P A. Let ǫ1, . . . , ǫn denote the standard generators of Zd.
Suppose that for any i : 1 ď i ď d there exists k ą 0 and integers mpiq1 ă mpiq2 ă . . .mpiqk
and γpiq1, γpiq2 , . . . , γ
piq
ki
such that (for each i) at least two among γpiqj are non-zero and
ÿ
j
γ
piq
j s
pm
piq
j ǫiq “ 0.
Then F bQ has finite dimension.
Proof. Denote by π the tensor map from F to F b Q. For any i : 1 ď i ď d chose mpiqj ,
γ
piq
j as in the assumption of the lemma. Without loss of generality we can assume that
γ
piq
k ‰ 0, γ
piq
1 ‰ 0 for each i. We have therefore
s
m
piq
ki
ǫi “ ´
1
γ
piq
ki
ki´1ÿ
j“1
spm
piq
j
ǫiq and sm
piq
1
ǫi “ ´
1
γ
piq
1
kiÿ
j“2
spm
piq
j
ǫiq.
This implies that for any a P Zd
spmki ǫi`zq “ ´
1
γki
ki´1ÿ
j“1
spm
piq
j
ǫi`zq and spm
piq
1
ǫi`zq “ ´
1
γki
kiÿ
j“2
spmjǫi`zq.
Consider the finite cuboid P Ă Zd containing pz1, . . . , zdq : mpiq1 ď zi ď m
piq
ki
. Con-
sider the finite set ppsq, p P P , and denote this finite set by FP . It is clear that the linear
span of the image of FP for the tensor mapping is equal to F b Q, and hence F b Q is
finite dimensional.

Let us say that a map φ : X Ñ X is weakly recurrent, if there exists a finite set Xf Ă X
such that for any x there exists n ě 1 such that the n-th iteration φ˝npxq P Xf .
Remark 7.5. If φi is recurrent (with respect to some fixed point e P X), and if d ě 1, then
φ˝d is weakly recurrent.
Proof. Put Xf “ te, φpeq, φ˝2peq, . . . , φ˝dpequ. It is clear, that if φ is recurrent, than for
any x its iteration φ˝d visits the set Xf (infinitely many times). 
We return to the proof of the Theorem. We have some x2, . . . , xn fixed, and we consider
the dynamics of φu and φw.
Let T be the torsion subgroup of N . F {T is torsion free.
The homomorphismu preservesT and thus induces the quotient homomorphismφpF {T qu :
F {T Ñ F {T . Let v1 is the image of vpx2, . . . , xnq in F {T . It is clear that
πF {T pφwpxqq “ φ
pF {T q
u pπF {T pxqq ` v
1.
Since finitely generated metabelian groups satisfy maximal condition for normal sub-
group (Hall, [hall195419]), we know that N is a normal closure of a finite set S1. This implies that
N is generated by sa, s P S1, a P A (where sa denotes the action of a on s by conjugation).
Considering the orbit of S under the action of the finite group Af , we conclude that there
exists a finite set S Ă N such that N is generated by sa, s P S, a P Zd
Let T be the torsion subgroup of N . Observe that T is a normal subgroup of G. Indeed,
its conjugation by an element of G belongs to N since N is normal, and a conjugation of
a torsion element is a torsion element.
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Therefore, using once again [hall195419] we conclude that there exists a finite set S1T such that T
is generated as a normal subgroup by S1T . In other words, T is generated by gsg´1, where
g P G, s P S1T and generated by asa´1, where a P A, s P S1T . Considering, as before, the
orbit of S1T under the action of the finite group Af , we conclude that there exists a finite
set ST Ă T such that T is generated by asa´1, where a P Zd, s P ST .
For any s P S consider the linear span Vs of the images apsq, a P Zd in F b Q. Let
ds denotes the dimension of Vs. Recall that S is a finite set. Let d be the maximum
among finite values of ds, s P S. If all ds are infinite, we put d “ 0. Let us show that
φ
F {T
u,˝d`1qpxq “ 0 and φ
F {T
w,˝d`1pxq “ 0 for any x P F {T .
Observe that since φu commutes with the action ofA and φupsq belongs to the subgroup
generated by apsq, a P Zd, it suffices to consider the action induces bt φu on each Vs.
Observe that if s P S is such that the dimentsion ds of Vs is ă 8, then for any d ą ds
φ
F {T
u,˝dptq, φ
F {T
w,˝dptq “ 0 for any t P Vs X πpF q, and hence also for any t P Vs (follows
from Lemma
lemmafinitetensor
7.2). Otherwise, if s is such that ds “ 8, observe that ii) of Lemma
lemmaalongcoordinates
7.3 and
Lemma
lemmacubeisfinite
7.4 imply that the restriction of φpF {T qu and φpF {T qw to Vs X πpF q (and hence the
restrictions to Vs as well) are identitcally zero.
We have shown therefore that φF {T
u,˝d`1qpxq “ 0 and φ
F {T
w,˝d`1pxq “ 0 for any x P F {T .
We implies that φw,˝d`1pxq P T for any x P F . Now we consider w¯ “ w˝d, chose
u¯px, x2, . . . , xnq, v¯px2, . . . , xnq P T and consider the dynamics of the homomorphism φu¯
on T .
lemmadimfinitefinite Lemma 7.6. H is an Abelian group such that mkh “ 0 for all h P H , where m “
p1 . . . pl, pi are prime. Suppose that H b Z{piZ (viewed as a vector space over Z{piZ) is
finitely dimensional for all i. Then H is finite.
Proof. First suppose that l “ 1, H is an abelian group such that pkh “ 0 for all h.
H b Z{pZ is finitely dimensional. Consider Hi “ piH . It is clear that Hi is a subgroup
of H and H “ H0 Ą H1 Ą ¨ ¨ ¨ Ą Hk “ 0. Observe that H0{H1 “ H{pH “ H bZ{pZ .
By the assumption of the Lemma, this is a finitely dimensional vector space over a finite
fields, therefore H0{H1 is a finite group. Observe that Hi{Hi`1 is a quotient of H0{H1
by the map which is a multiplication by pi, and hence Hi{Hi`1 is finite for any i. This
implies that H is finite.
Now consider the general case. Prove the statement by induction on l. The statement
of the base of the induction l “ 1 is already proven. Consider H 1 “ pklH . Observe that
H{H 1 satisfies the assumption of the induction step for l ´ 1, and hence H{H 1 is finite.
Observe also that H 1 satisfies the assumption of the statement of the induction base, and
thus H 1 is finite. We conclude that H is finite.

We want to show that there exists a finite subgroup Tf Ă T such that φu¯,˝kpxq “ 0 for
any x P T . Here k is such that mkt “ 0 for any x P T and m is a product of (finitely
many) distinct prime numbers.
Indeed, take t P T and consider Tt to be the linear span of ta, a P A and T 1t to be
the linear span of ta a P Zd. It is clear that Tt is equal to the linear span of pT 1tqa “ T 1ta ,
a P Af . Observe T 1ta is isomorphic to T 1t for any a, and hence the dimension of T 1tabZ{pZ
is equal to that of T 1t b Z{pZ (and the same statement for the tensor product with Q.)
If t is such that the dimension of TtbZ{pZ is infinite, then the dimension of T 1tbZ{pZ
is infinite and also T 1ta b Z{pZ is infinite for any a P Af . In this case Lemma
lemmaalongcoordinates
7.3 and
Lemma
lemmacubeisfinite
7.4 imply that all but possibly one coefficient of φu are divided by p. This implies
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that all such coefficients is divided by p, since otherwise there exist x2, x3, . . . , xn such
that exactly one coefficients among lj , defined in Lemma
lemmaalongcoordinates
7.3 is not divided by p. Observe
that there exists x P T such that x R pT , and in this case any iteration of φu, applied to x,
does not belong to pT , and this is in contradiction with the fact that one of such iterations
is trivial.
Hence φu,˝kpxq, as well as φw,˝kpxq belong to mkt T , where mt is the product of pi,
such that pi is a prime divisor of m and dimension of Tt b Z{piZ is infinite.
Now note that for any pi the dimension of mkt T b Z{piZ is finite. Lemma
lemmadimfinitefinite
7.6 implies
that the subgroup mkT is finite. Put Tf be the subgroup generated by mkt Tt, t is in the
finite set ST ( the image of which under the action of A generates T ). Tf is an Abelian
group generated by a finite number of Abelian groups, and hence Tf is finite. Observe that
φu,˝kptq, as well as φw,˝kptq belongs to Tf for any t P T .
We know therefore that there exists a finite group Tf and C “ D ` k such that for any
iterated identity w of G it holds w˝Cpx1, . . . , xnq belongs to Tf for any x1, . . . , xn P Tf .
Now fix w and x2, . . .xn P G. Let Bw Ă Tf consists of the elements z P Tf such
that w˝C1e, x2, . . . , xn P Tf for some C : 0 ă C2 ď C. Since w is an iterated identity,
for any x P G there exists m such that w˝Cmpx, x2, . . . , xnq P Bw. Any orbit of the
word map w˝Cp˚, x2, x3, . . . , xnq has size at most #Tf , and therefore for any x P G there
exists C2 ď #Tf such that w˝CC2px, x2, . . . , xnq P Bw. This implies that there exists
C3 ď Cp#Tf ` 1q such that w˝px, x2, . . . , xnq “ e.
We have shown therefore that for any iterated identity w of G its iterational depth
spw,Gq ď pD ` kqp#Tf ` 1q.
This completes the proof of the theorem.

8. S TYPE ITERATED IDENTITIES
sectionfurthernotions
definitionSolvability Definition 8.1. We say that a groupG satisfies S-type (or solvability type) iterated identity
w if for any x1, . . . , xn P G there existsN such that for any y1, . . . ynN taking value among
x1, . . . , xn it holds
w‹N py1, y2, . . . , ynN q “ wpwpwp. . . wpy1, y2, . . . ynq, wpyn`1, yn`2, . . . y2nq . . . q, . . . qq “ e.
exampleSsolvable Example 8.2. w0px1, x2q “ x1x2x´11 x´12 . If G is a solvable group, then G satisfies S-
type identity w0.
More generally, let wpx1, . . . , xnq be such that the total number of each xi in w is equal
to zero. Then any solvable group G satisfies the S type identity w.
Proof. Let Gpnq denotes the n-th group in the derived series of G, that is G1 “ rG,Gs and
Gi`1 “ rGi, Gis for any i ě 1. Observe that w is an identity in any Abelian group, and
hence wpx1, . . . , xnq P rG,Gs for any x1, . . . , xn P G. Moreover, if x1, . . . , xn P Gpiq,
then wpx1, . . . , xnqinGpi`1q. Since G is solvable, there exists N such that GpNq “ N .
Put k “ nN . It is clear that w‹N py1, . . . , ykq “ 0 for any y1, . . . , yi P G, 
exampleScyclic Example 8.3. Z satisfies an S type iterated identity wpx1, . . . , xnq if and only if the total
number of each xi in w is equal to zero.
Proof. Suppose that the total number of some xi in w is equal to m ‰ 0. Without loss of
generality we can assume that i “ 1. Let 1 denotes a generator of Z. Consider a finite set
consisting of 0 and 1. For each N put k “ 2N and consider y1 “ a, y2 “ y3 “ . . . yk “ 0.
Observe that w‹N py1, . . . , ynq “ mN ‰ 0, and hence w is not an S type iterated identity
of G.
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Observe also, that if the total sum of each xi in w is equal to zero, then w is an identity
of Z. This implies that w is an S type iterated identity of Z. 
Example 8.4. Let G be a solvable group containing at least one element of infinite order.
Then G satisfies an S type iterated identity wpx1, . . . , xnq if and only if the total number
of each xi in w is equal to zero.
Proof. Follows from Examples exampleSsolvable8.2 and exampleScyclic8.3. 
Similarly to E type iterated identities, the property to satisfy S type iterated identity
is closed under taking subgroups, quotients, union of increasing group sequences, and it
addition this property is closed under taking extensions:
lemmaECStypelemmasolv Lemma 8.5. (1) If G satisfies an S-type iterated identity w, then any subgroup of G
has the same property.
(2) If G satisfies an S-type iterated identity w, then any quotient of G has the same
property.
(3) If G1 Ă G2 Ă G3 . . . , and each Gi satisfies an S-type identity w, then the union
G “ Y8i“1Gi satisfies the same property.
(4) If H is a normal subgroup of G, H 1 “ G{H , H,H 1 satisfy an S type iterated
identity w, then G has the same property
Proof. (1)-(3) are straightforward.
To prove (4), observe that for any since G{H satisfies S-type iterated identity w, for
any n1 there exists N1 such that for any t1, . . . , tn1 P G and any
y1, . . . , yk1 , k1 “ n
N1
1 taking values among t1, . . . , xt1
w‹N1py1, . . . , yk1q “ wpwpwp. . . wpy1, y2, . . . yn1q, wpyn1`1, yn1`2, . . . y2n1q . . . q, . . . qq P H.
Consider a set V Ă H which consists of possible values of w‹ky1, . . . , yk1 , where
k1 “ n
N1
1 and all yi take value among x1, . . . , xn1 . It is clear that V is finite, since its
cardinality, which we denote by n2, is at most nk11 .
Since H satisfies the S type iterated identity w, there exists N2 (depending on V ) such
that for k2 “ nN22 and any z1, z2, . . . , zk2 taking values in V it holds
w‹N2pz1, . . . , zk2q “ wpwpwp. . . wpz1, z2, . . . zn2q, wpzn2`1, zn2`2, . . . z2n2q . . . q, . . . qq “ e.
Put N “ N1`N2. Consider k “ nN1 . Observe, that for any r1, r2, . . . , rk taking values
among t1, . . . , tn1 it holds
w‹N pr1, . . . , rkq “ e,
and this concludes the proof of 4).

Given a class of groupsC, denote by EpCq the minimal class of groups, which is closed
under taking four elementary operations, that is, taking subgroup, quotient, direct limit and
group extensions.
Corollary 8.6. Let w be a word Let Cw,N be the variety of groups, generated by the iden-
tity w‹N , that is, the class of groups that satisfy the identity w‹N . Put Cw “ Y8N“1Cw,N .
The class of groups satisfying an S type iterated identity w contains EpCwq.
In general, this class is larger than EpCwq.
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grigorchuknotelementary Example 8.7. Let C be a class of groups of bounded 2-torsion. We know that the fist
Grigorchuk group GGrig satisfies Solvability type (as well as Engel type) iterated identity
wpx1q “ x
2
1. However, GGrig does not belong to EpCwq.
Proof. If the class C is closed with respect to taking subgroups and quotients, than it is not
difficult to see that the elementary class EpCq is the minimal class of groups, containing
C and closed with respect to taking direct limits and extensions by a group in C (see
Corollary 2.1 [osinelementaryclasses23]).
More precisely, given an ordinal α, denote by EαpCq in the following way. Suppose
we have defined EβpCq for any β ă α. If α is a limit ordinal, then EαpCq is defined as a
union YβăαpCq. If α is not a limit ordinal, then EαpCq is the class of groups containing
direct limits of groups in Eα´1 and extentsions of groups in Eα´1 by a group of C. Then
for each Eα´1 , for any α, is closed with respect to taking subgroups and quotients (see
Lemma 3.1 in [osinelementaryclasses23]).
Let C “ Cw. It is clear that C is the class of groups of bounded 2-torsion and that C is
closed with respect to takings subgroups and quotients.
Consider a minimal ordinal α such that Eα contains a GGrig. It is clear that α is not
a limit ordinal, and that G can be obtained by taking a quotient from the groups in Eα´1
(since G is finitely generated, the last operation to obtain G could not be a direct limit).
Therefore, there exists a normal subgroup N in GGrig such that N and G{N belongs to
Eα´1. Since G R Eα´1, N ‰ e.
Any proper quotient of GGrig is finite, G{N is finite, N is a normal subgroup of finite
index in G. Any non trivial normal subgroup in GGrig is of finite index and contains some
congruence subgroup Stpnq (Grigorchuk, [grigorchuk200?grigorchuk200][Proposition 10]). This
implies that Stpnq belongs to Eα´1. Since any congruence subgroup contains GGrig as a
quotient (taking restriction on the first branch of level n of the tree, [grigorchukparabolic15]), this also implies
that GGrig belongs to Eα´1. This is a contradiction that α is a minimal ordinal such that
Eα contains GGrig .

8.1. Quasi-varieties. Recall that a variety of groups is a class of groups for which a cer-
tain set of identities hold. This class is obviously closed under taking subgroups, homo-
morphic images (the same is to say: by taking quotients), and direct products.
Given a set Ω of iterated identities, we consider the class of groups G such that G
satisfies an E type (correspondingly S type) iterated identity w, for all w P Ω. We call this
class of groups an Engel type (correspondingly S type) quasi-variety generated by a set of
iterated identities Ω.
Example 8.8. Two nilpotent groups N1 and N2 generated the same E-type iterated quasi-
variety if and only if they generated the same variety of groups and mpN1q “ mpN2q,
where mpGq P N Y `8 (as defined in Example examplenilpotent5.9) is the minimal positive integer m
such that such that for any element g P G there exists an integer t ą 0 such that such that
gm
t
“ e (and `8 if no such m exists).
Example 8.9. Any solvable group G containing at least one element of infinite order gen-
erated the same S type iterated quasi-variety as Z
We say that an E-type (correspondingly S-type) iterated identity w1 is a corollary of
an E-type (correspondingly S-type) iterated identity w if any group satisfying an E-type
(correspondingly S-type) iterated identity w also satisfies w1. Similarly, given a set of
iterated identities Ω and an iterated identity w we say that w is a corollary of Ω if any
group satisfying all identities from Ω also satisfies w.
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If we consider (usual) identities instead of iterated ones, this notion is not very inter-
esting since it simply means that the subgroup corresponding to one of them contains the
characteristic subgroup that corresponds to the other one. Given an iterated identity w, of
E type or S type, it seems interesting to describe all corollaries of w. Similarly, given a set
Ω of iterated identities, describe the corollaries of Ω.
openquestions
8.2. Open questions.
Question 8.10. Given a group G, describe the sets of iterated identities ΩEpnq and ΩSpnq
that holds in this group (e.g. for Grigorchuk groups, for Golod groups, for Basilica group).
The same question one can ask for families of groups (finite or infinite). For example,
what can be said about the sets of iterated identities ΩEpnq and ΩSpnq that hold for all
solvable groups of the group G)? For examples of iterated identities w in the character-
izations of finite solvable groups in Remark
reformulationsolvable
2.6, what are finitely generated groups that
satisfy the iterated identity w (which do not need to be solvable, see Remark remarkgolod2.5)?
Question 8.11. For which groups G the characteristics subsets Ωn of G are subgroups of
Fn, for all n?
Question 8.12. Describe the E type and S type quasi-varieties generated by a group G (or
by a family of groups).
Question 8.13. Which groups are quasi-free with respect to the iteration of identities?
Question 8.14. Are free Burnside group Bn,pon n generators bounded? Are free groups
of a varieties of groups generated by a single identity bounded?
Question 8.15. For which sets Ω Ă Fk there exists a group G such that the set of iterated
identities on k variables of the group G is equal to Ω?
Question 8.16. Let r be an odd prime number. For an integer n consider wnpx1, x2q “
pxrn1 x
rn
2 x
´rn
1 x
´rn
2 q
n Adyan shows that if we fix n large enough (n ě 4381 in [adyan19702] and
n ě 1003 in [adyanbook3][page 297] ) then the following identities are independent , that is, none of
them follows from the others.
Is it true that wn , for n large enough, are independent both as Engel type iterated
identities and Solvability type iterated identities?
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